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134 astics of sovins (An intreduct e Yo Qa?

and. comsequently, x must be expressed as a 1ensor. We shall find that
the x temsor of a crystal summarizes most of its optical properties.

6.3 The General Wave Egquation
In our study of solid-state optics we shall be concerned only with
ic, electncally neutral media. Hence M and p are both '
2810, .\!uuﬁ'ﬂ't equanions, in the form expressed by Equations (6.1)
10 (6.2), then reduce to the following:
aH

'KE--“.-‘-'- 15100
3E 3P
vxnzc.”+“+1 win
1
v -
E= = | wan
V-H=0 win

The peneral wave equation for the E field is obtained by taking the
curl of Equation (6.10) and the time denvatjve of Equation (6.11) and

climinating H. The result is r aﬁ}a#ﬂ condae e
g AT gy M
ELETRE . S

IOUNLL FRIWS
The two terms on the right-hand side of the sbove equation e

called source terms. They stem from the presesce of polarization
charges and conduction charges, respectively, within the medsmm.
The way in which the propagation of light is affected by the sources is
revealed by the solution of the wave equation when the source terms

are included. In the case of soncopdustiag meda 'ae_&f%’sr—
W It turns owt that this term 1o
in explasation of many optical effects, including dispersion, gbsorp-
on, doubls refractign, and opts vily to mentson only & few. In
the ciase of metals it is the conduction term — e /3¢ that & | .
_sant. and the Tesutiing solutions of the wave equation explain 1he Lagc.

acit high reflectanc Both source terms must be
1aker into account In the case of semxonductors. The result is &
rather complicated wave equation and the solutions are somewhat il
ficult 10 interpret. Nevertheless, a quilitative description of many of
the optical properties of semiconductors is furmished by classxcal
theory. A rigorous treatment of semiconductor optics mmst await the
applicazion of quantum theory.
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mhasﬁn.ww ach electron, © c .i-aecu-ic
is displaced a distance r from s equilibrium position. The resuliing
macroscopic polarization P of the medium is given by

P=~Ner was

t volume. If &
ication of a stat

&gmammmg.!m equation is
—cE = Kr s
The seatic polanzation is therefore given by
Ne!
r K E win

However, if the impressed field E vanes with time, the above equa-
tion is incarrect. Ia order to find 1he true polarization in this case, we
must take the actual motion of the electrons into account To do this
we consider the bound electroas as classical damped BATIONIS O3,
cillators. The differential equation of motioa s

m%+m%+xr-—es .18
The term my_(didi) represents 3 frictional damping farce that 2
to the ¥ ity of the electron, the propost: ny con-

stant %‘m written as mry.'
Now suppose that the %M electric ’gld varies harmonscally
with time acc to the u tor ¢ . Assumi mo-
Bon tron S ¢ time dependence, we fird

that abon (6.18) becomes
(~mue® = jwmy + Kir = —<E win
Consequently, the polarization, from Equation (2 15), 1s pven by

Ne! }
F:—-::-'—l«m' Kz e

U e ere preewew -
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156 OFTICS OF 30LIDS

It feduces 10 1he static valus, Equation (6.17). when w Thus for a
Fiven ampltude of the impressed electric Seld, the n’n;ﬁm of polar-
ization vanes with frequency. The phase of P. relative to that of the
clegtric field, also depends on the frequency. This is shown by the
presence of 1he imaginary term in the demomenator.

A more sgnificant way of writing Equation (6.20) is

Ne“m
4 ;1:?(-_—“—'; E wan
in whuch we have introduced the abbreviation a, given by
-~ \flg Wi

Thas is the %«u‘w raoa-w:n_i éﬁF_ur) of the bound elecirons.
The tion (3 FY a

for a driven harmonic oscillstor, as indeed it should be, since it is the
displacement of the elistically bound electrons that actually conssi-
ey 1he polarization. We should therefore expect o ﬁad g_mt_ag_

TeLONANCE bemmdmkxdo«unn for h guencies
. eighb 0d of the resomasce frequenc Acw hall
mubm hiS TCSOMANcE Phenomenon i manidest as a larp
ohs in the ind 'mLA DR OF IHC Mesgium anc 2 DA 1re
absorption of light at or pear the resonance freguenc

To show how the polanzanion affects the propagation of hght, we
returm 10 the general wave equation (uu{gftg_w;:.m_
<onguction term. The polasization is given by Equation (6.21). Hence

we bave

vx@x B+ SR (D) S

Also, from the Bnear relationship between P and E, & follows from
(6,12) that V- B 0. Consequently, ¥ x (VX E) = ~YT'E_ and the
Above wave equation reduces 1o the somewsal simpler one

L% +'E w30
VE 5(' s me, u.’-.’—nn-)
after rearranging terms and using the relation1/c® = e,
Let us seck a solution of the form
Fx(7av) z po.v-0-OV E =B ere-sn p—
Thes inial solution represents what are called neouws hir-
mggc' waves Direct substltution shows that this is 3 poss) ution
provi that

-!’"'*-ri (l.jl H — :,"I[) | u n !
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or s
- Let us inguire as 1o

Fwlsin w3

This amounts 10 the same thing as istroducing 3 complex index of
refraction

!J‘lnvic J wis
where e
| I-’;.A’ ) -

Our solution in Equation (6,25) 3o then be written as

F-w,-u-.n 6.
— mdicates that the 1he wave A5

lmnmwnumeuﬂumm The two sombers a and « are

related by the equation

o= ")
w"

The phase “* jadicaies that we Bave & Barmosss wave

m whs phase velocity is

- Iy

U~ - LR M

From Equatons (6.26) and (6.29) we have

T - M

’ [CEITI S B (;—.';':—'y—-) 3% '

Mhndwwmgﬂumwmbm:
e M ) e
-'—(z:.-?.ﬁm) —



Figare 6.1. Graphy of the index of refraction and extinctica coeficent
veryos frequency near & vingle sewosance lne.

Figure 6.1 shows the general way in whi nd o
oy, The absoeption i strongest at the resonance frequency wy,
The index of refraction is greater than uss v
feases with fre e
This 1 1he case of ™ & on. which is exhsbeted by most
trazsparent substances over vistble regon of the spectrum, the
priscipal resonance frequencies being in the ultraviolet regiom. Al or

peur the resonance [requency, however, the dispersi
Sagomajogs” in the sense MM
2uth increasing frequensy,

Anomalous dispersion can be observed experimentally if the sab-
slance is 0Ot 100 opaque at the resonance frequency. For instance,
cernin dyes have absorption bands in the visble region of the spec-
trem and exhibst znomalous dispersion in the region of these bands.
Prisms made of these dyes prodoce a spectrum that 18 reversed, that
1, the longer wavelengihs are refracied more than the shocler
warelengths.

Now, in the above discussion it has been tacilly assuesed that all
of the eleciroms were identically bound, and hence 2ll had the same
resomance frequencies. |n ooder to take into account the fact that dif-
feremt electrons ma flerently, we B that

n (racton i e f

has the resopance 159_3_51 A, 20d 30 on. resulting formula for
the square of the complex index of refraction is of the form
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The summation extends aver all 1de varous kinds of electrons in-

dicated by the subscript j. The fractions f, are known as oscdllug
sremgrhs. The damping coostants associaied wilh [6e  vanows
?nqucm are denoled by v, Figure 6.0 s graphically the gen.

-w " C?p) Lo

Eltaed
h e Viskle Uhraebet
| - - s x ey
| o -
| 1 ) |
o. -, .y -y

A AA—\—-.
- 'l:- ‘lf

Pigure 8.2, Index of refraction and extinction wndex for 3 hypoehetical sub-
stance with abjorption bands 1o the mirared, veiatle, asd sirmavy
oles regions of the specirum

eral dependeace of the real and imaginary parts of A” as determined
by Equation (6 36 This graph is intended to show qualitatively the
case for a substance, such as glass, which is transparent in the vissble
region and lmdmmmhads mzhemfrmdand ultraviolet reglons
of the spectrum. In the kmi.c square of the
index approaches the val This is just the
static diclectric constant of the
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